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A Proofs for Section 2

A.1 Proof of Theorem 1

Proof. To prove the result about the median, we construct a distribution of B that holds
the median bounded while moving bP. Since F is strictly increasing with lim, , . F(t) =0,
we have F(—M) > 0. Choose A > 3 such that 1 — X+ AF(—M) > 1. Let B equal
0 with probability A and equal d with probability 1 — A. Then Med[B] = 0 because

Pr(B < 0) = A > %. Moreover,
m(M) = AF(—M) + (1 — N F(d — M).

Since F'(d — M) — 1 as d — oo, for sufficiently large d we have m(M) > AF(—M) + (1 —
A) —n > 3 for small enough > 0. By monotonicity of m, m(M) > % implies b” > M, and
therefore |b? — Med[B]| = b? > M.

To prove the result about the mean, we construct a distribution of B that holds b7
bounded while moving the mean. Let A € (1/2,1). For each d > 0, let B equal 0 with
probability A and equal d with probability 1 — A\. Then E[B] = (1 — A)d. Define ¢ by
F(—c)=1-— %, which is well-defined because 1 — % € (0,1) when A > 1/2. For any € > 0
and any d > 0,

m(c+e) = AF(—(c+e))+ (1= F(d—c—e) < AF(—(c+¢e))+(1—A) < AF(—c)+(1-A) = 1,

so by strict monotonicity of m the crossing satisfies b? < ¢ 4+ ¢. Taking € = 1, we obtain a
constant C' = ¢ + 1 such that o? < C for all d. Hence

b» — E[B]| > E[B] — b > (1 — \)d — C,

which exceeds M for d large enough.
If e =0, then
b? = Med[B + €] = Med|[B]

for every distribution of B.
Conversely, suppose ¢ is nondegenerate. Let GG denote its continuous, strictly increasing
CDF, normalized so that



Fix any d > 0 and any p € (3,1), and let
B 0 with probability p,
d with probability 1 — p.

Then B has finite mean and
Med[B] = 0.

By independence, Fiz . (z) = pG(x) + (1 —p)G(x —d). Evaluating at = = 0 gives Fg,.(0) =
pG(0)+ (1—p)G(—d). Since G(0) = 3 and G(—d) < 3, this implies Fp,.(0) < 3 and hence
Med[B + €] > 0. Thus, we conclude that b? = Med[B + ¢| # 0 = Med[B]. This establishes
that b» = Med[B] for every distribution of B implies ¢ must be degenerate. Since ¢ has

median zero, the only degenerate possibility is € = 0. 0
A.2 Proof of Corollary A.1
For any set A C R, define its diameter by
diam(A) := sup{|z —y| : x,y € A}.
Corollary A.1. For every M > 0, there ezists an admissible pooled curve mg(-) such that
diam(J gp(mpg)) > M,
and there exists an admissible pooled curve my,(-) such that
diam(J y;(mps)) > M.

Proof. Fix M > 0.
For the mean identified set, by Theorem 1, there exists a data-generating process
(Bg,egp) € M with finite mean such that

where bf, denotes its pooled crossing. Let mg(+) denote the corresponding pooled curve,
and let Wy := B + ep. Since mg(Ap) = Pr(Wg > Ap), the pooled crossing satisfies
by, = Med[Wg].



Now define an alternative model by

By = b,

Because B g 1s degenerate, it is independent of 5. Since Wy has a continuous, strictly
increasing CDF and b%, = Med[Wy], the shock £ has a continuous, strictly increasing CDF
with median zero. Thus (Bp, &) € M.

The alternative model generates the same pooled curve because, for each Ap,

Pr(Bp — Ap + &5 > 0) = Pr(bh, — Ap + Wp — b2, > 0)
=Pr(Wg = Ap)
= mpg(Ap).

Hence B[By] € Jp(mp) by the original model, while E[Bg| = b, € Jg(mp) by the

observationally equivalent point-mass model. Therefore
diam(J p(mp)) = |E[Bg| — b > M.

For the median identified set, again by Theorem 1, there exists a data-generating process
(Bar,epr) € M such that
68, — Med[By]| > M,

where b4, denotes its pooled crossing. Let m,(-) denote the corresponding pooled curve,
and let Wy, := By, + ;4. Since my (Ap) = Pr(W,, > Ap), the pooled crossing satisfies
bk, = Med[W,,].

Define an observationally equivalent point-mass model by

By, =bh,,

As above, (By;,&,,) € M and this model generates the same pooled curve m,(+). Hence
Med[B,,] € 7a(my) by the original model, while Med [By,| = b5, € 7p,(myy) by the

observationally equivalent point-mass model. Therefore

diam(7 y;(myy)) > [Med[By,] — bh,| > M. O



A.3 Theorem A.1 and its proof

Let M denote the class of data-generating processes such that

Y= ]]'{BprJrsz()}:

where B is independent of £ and ¢ has a continuous, strictly increasing CDF with median zero.
For any admissible pooled curve m(-), let J(m) denote the set of data-generating processes
in M that satisfy

Pr(B—Ap+e¢e>0)=m(Ap)

for all Ap. Let
Jp(m) = {E[B]: (B,e) € J(m), E[|B|] < oo}
and

74y (m) = {Med[B] : (B,¢) € 7(m)}.

Theorem A.1. Let v be a real-valued functional of the marginal distribution of B. If there

exists a mapping T from pooled curves m(-) to R such that

for every data-generating process in M, then ¢ is constant over M.

Proof. Write 0, for the point mass at c.
Assume that v is identified from pooling, i.e. there exists a mapping 7" such that

for every data-generating process in M.

Fix any data-generating process in M. Because € has a continuous, strictly increasing
CDF, the CDF of B + ¢ is also continuous and strictly increasing.! Let ¢ :== Med[B + ¢].
Now define an alternative model by B = ¢ and € := B+ ¢ — ¢. Then Bis independent of &; &

has a continuous, strictly increasing CDF with median zero; and
Pr(B—Ap+E>0)=Pr(B+¢e>Ap)=Pr(B—Ap+e>0).

So the original model and the point-mass model generate the same pooled curve. By

Indeed, if H denotes the CDF of B + e, then for x < wy, we have H(y) — H(z) =
E[G(y — B) — G(x — B)] > 0, where the inequality follows from strict monotonicity of G.
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identification, ¢ (B) = ¥(9,). Thus, for every model in M, the value of ¥(B) must equal the
value of ¢ at the point mass located at the pooled crossing.

We next show that ¥(0,.) must in fact be the same for every ¢ € R. Fix any ¢; < ¢,.
Choose numbers a < ¢; < ¢y < d, and let A € (1/2,1). Define a two-point distribution

B a with probability A,
d with probability 1 — A.

We claim that for each r € [¢;, ¢y] there exists a shock distribution such that, when ¢, is
drawn independently of B*, the pooled crossing of the model (B*,¢,) equals r. To see this,
fix any r € [¢;, ¢y). Choose u € (1 — 55, ) and define

%—)\u
1—X"

V=

Because A € (1/2,1), the interval for u is nonempty, and this choice gives 1/2 < v < 1. Since
a<c <r<c <d, wehave a—r <0 < d—r. Since also u < 1/2 < v, we can choose
a continuous, strictly increasing CDF F, on R such that F.(a —r) = u, F,(0) = %, and
F.(d—r)=wv. Let €, be independent of B* and have CDF G,.(z) :=1— F,(—x). Then G,
is continuous and strictly increasing with median zero, so (B*,¢,.) € M.

For this model, the pooled curve is
m,(Ap) = AF,(a — Ap) + (1 — \)F,(d — Ap).

At Ap = r, we have m,(r) = Au+ (1 — A\)v = 3. Because F, is strictly increasing, m,.(Ap)
is continuous and strictly decreasing in Ap, so the crossing is unique and equals 7.
Applying the point-mass argument above to the model (B*,¢,.) yields ¢(B*) = 1¢(J,) for

every r € [cq, ¢cy]. Taking r = ¢; and r = ¢, gives

¥(0,,) = Y(B*) = P(d,)-

Since ¢; < ¢y were arbitrary, it follows that 1(d.) = K for some constant K.

Finally, take any model in M, and let ¢ denote its pooled crossing. The argument above
gives Y(B) = ¢(0,), while the preceding paragraph shows that 1(6,.) = K for every ¢ € R.
This implies ¢(B) = K for every model in M, i.e., that 1) is constant over M as claimed. [



B Proofs for Section 3

B.1 Proof of Theorem 2

Proof. Fix 7 € (a, 1 — ). We proceed in three steps.
The first step involves bounding quantiles of B + ¢ on the observed price grid. We start
by showing that for every v € (0, 1),

sup{p; : m(p;) >1—v} < Qp,.(v) <inf{p; : m(p;) <1—v}.
To compute the lower bound, note that for any p; satisfying m(p;) > 1 — v, we have

Pr(B+5<pj):1—Pr(B+52pj)
=1-—m(p;)
< V.

This implies Qg .(v) > p;. Taking the supremum over all such p; gives
sup{p; : m(p;) >1—v} < Qp,.(v).
To compute the upper bound, note that for any p; satisfying m(p;) <1 — v, we have

Pr(B+e<p;) =1—Pr(B+e>p,)
Zl—m(pj)
> V.

This implies Qg .(v) < p;. Taking the infimum over all such p; gives

QB+5( < 1nf{p3 p]) <1l- V}

The second step derives inequalities linking the CDF of B to the CDF of B +¢. In

particular, we show that for every t € R,
Pr(B+e<t—c)—a<Pr(B<t)<Pr(B+e<t+c)+a«
For the upper bound, note that if B <t and ¢ < ¢, then B+¢ <t+ ¢, so

{B<t}C{B+e<t+c}U{e>c}.



This implies

Pr(B<t)<Pr(B+e<t+c)+Pr(e>c)
<Pr(B+e<t+c)+a. (1)

For the lower bound, note that if B+& < t—c and & > —¢, then we have B < (t—c¢)+c = t,
SO
{B+e<t—c}n{e>—c} C{B<t}.

This implies

Pr(B<t)>Pr(B+e<t—c)—Pr(e < —c)
>Pr(B+e<t—c)—o. (2)

The third step involves converting the CDF inequalities in Equations (1) and (2) into
quantile bounds for B. In particular, we will show that Qg (T —a) —c < Qpg(7) <

QB+E(T+a> + c.
To compute the lower bound, let ¢t < Qp,.(T —a) — ¢, so that t + ¢ < Qp,.(T — ),

which implies Pr(B+e < t+c¢) < 7 — a. By Equation (1), this gives
Pr(B<t)<Pr(B+e<t+c)+a<r,
which implies Qg(7) > ¢. Since this holds for every ¢t < Qp, (T — a) — ¢, we obtain
Qpie(T—a) —c < Qp(7) (3)

as desired.
To compute the upper bound, let t = Qp, (T + a) + ¢, so that t —c = Q. (T + ),
which implies Pr(B +¢e <t —c¢) > 7 + a. By Equation (2), this gives

Pr(B<t)>Pr(B+e<t—c)—a>r,

which implies
Qp(1) <t =Qp(T+a)+c (4)

as desired.



Finally, applying the bounds from the first step with v =7 — a and v = 7 4+ « gives

sup{pj cm(p;) >1—7+ a} < Qpi(T—0a)
Qpic(T+a) < inf{pj :m(p;) <1 —T—a},

which, combined with Equations (3) and (4), establishes the first claim.
Now suppose B L €. For the upper bound, note that

Pr(B+e<t+c¢)>Pr(B<te<c)
=Pr(B<t)Pr(e <c¢)
> (1—a)Pr(B<t).

Thus
Pr(B+e<t+c¢)

< < .
Pr(B<t) < T4

Similarly, for the lower bound, note that

Pr(B+e>t—c)>Pr(B>te>—c)
=Pr(B>t)Pr(e > —c)
> (1—a)Pr(B>1).
Equivalently,

Pr(B+e<t—c)—a

< >
Pr(B<t)> —

The rest of the argument is unchanged, with 7 — « replaced by 7(1 — «) and 7 + « replaced
by o+ 7(1 — «).
If, in addition, G(0) = %, then

N —

Pr(e <0)

and
Pr(e > 0)

\Y
Nl



For the upper bound, note that

Thus
Pr(B <t)<2Pr(B+e<t).

Similarly, for the lower bound, note that

(B>t,e>0)

Pr(B+e>t)>P
Pr(B > t) Pr(e > 0)

T
T

1
Equivalently,
Pr(B<t)>2Pr(B+e<t)—1.

The rest of the argument is unchanged, with 7 — a replaced by 3 for the lower bound and
T + a replaced by % for the upper bound. Combining these inequalities with the bound

under independence gives the desired result. [

B.2 Proof of Theorem 3

Proof. Define Sg(t) := Pr(B > t) and Sg,.(t) := Pr(B +¢e > t). We first relate S to Sp..
Note that, for every ¢t € R, we have {B+¢e¢ > t+c}N{e < ¢} C {B > t} because
B+4+e>t+cande <cimply B> (t+c¢) —c=t. Thus

Sp(t)=Pr(B>1)
>Pr(B4+e>t+c)—Pr(e>c)
> SB+s<t+c> — Q.

Similarly, we have {B >t} C {B+e>1t—c}U{e < —c} because B >t and ¢ > —c imply
B +¢e>t—c. Thus

Sp(t) <Pr(B+e>t—c)+Pr(e < —c)
<Sp..(t—c)+a.

10



Because Sg(t) € [0, 1], these inequalities can be sharpened to

Sp(t) 2 max{0, Sp..(t +¢) —a} (5)
Sp(t) <min{l, Sp,.(t —c) +a}. (6)

Next, note that for every realization of B,

B:€+/ gy dt + (B—u), — ({ — B),.
f4

Taking expectations gives
BIB = ¢+ [ Su(t) dt+ El(B — ), |~ Bl(¢ =), 7)

Combining Equation (7) with Equation (5) gives
E[B] > z+/ max{0, Sp..(t +¢) —a} df — ¢
¢

u+tc
:€—|—/ max{0, Sp,.(s) —a} ds—(
g4

+c

u+tc

2€+/ max{0,m(s) —a} ds — ¢,
L+c

where the last inequality follows from the facts that Sg,.(s) > m(s) for every s and that

the function z — max{0,z — a} is non-decreasing. Similarly, combining Equation (7) with
Equation (6) gives

E[B] < 6—}—/ min{l,Sp, . (t —c)+a} dt+n
¢
:€+/ min{l, Sp..(s) +a} ds+n

l—c

§€+/ min{1,7m(s) + a} ds + 7,
l—c

where the last inequality follows from the facts that Sp,.(s) < m(s) for every s and that
the function & — min{1, z + a} is non-decreasing. This establishes the first claim.

Now suppose B L €. For the lower bound, note that {B < t,e <c} C{B+e<t+c}

11



implies

1—Sg,(t+c)>Pr(B<t,e<c)
=Pr(B<t)Pr(e <c¢)
> (1=5p()(1 - a),

SB+E (t+c)7a

and thus Sgz(t) > . For the upper bound, note that {B > t,e > —c} C{B+¢ >

-«
t — ¢} implies
Spic(t—c)>Pr(B>t,e>—c)
= Sg(t) Pr(e > —c¢)
> Sp(t)(1—a),
and thus Sg(t) < SBJ{+(:;70) Therefore Equations (5) and (6) can be replaced by
Spi(t —
Sp(t) > maX{O, Bl ¥ ) a},
-«
. SB+s(t _ C)
SB<t) < mln{l, ? .

The rest of the argument is unchanged, which establishes the bounds under independence.

In addition, if G(0) = 1, then Pr(e < 0) = 1 and Pr(e > 0) > 1. For every ¢t € R,

and hence Sg(t) < 2Sg,.(t). Similarly,

1—Sp..(t)=Pr(B+e<t)
> Pr(B < t,e < 0)

1
= 5 (1= 8,(1)),

and hence Sg(t) > 2Sg,.(t) — 1. Combining these inequalities with the inequalities from

12



above under independence alone gives

S t —
Ss(t) 2 max{0, 222D g5, o) -1,

S t—
SB(t) < min{l, B—{%ad? QSB+E(t>}7

and the result follows. O

B.3 Proof of Corollary 1

Proof. If Pr(¢ < B<wu) =1, then ({—B), =0and (B—u), =0. Hence Theorem 3 applies

with ¢ = = 0.
For the case |e| < ¢, note that a = 0, so the tail restrictions reduce to |¢| < ¢, and the
truncations at 0 and 1 do not bind. O

B.4 Proof of Theorem 4

Proof. Define Sp, . (t) := Pr(B +¢ > t). The assumption supp(B +¢) C [L, U] implies

E[B+¢] = ]EB-l—s—L]

||
h\\
%

where the last equality follows from the change of variables ¢t = L + s and the fact that
Spic(t) =0for t > U. Since m(t) < Sp,.(t) < m(t) for every ¢, this implies

U U
L+/L m(t) dtg]E[B+e]gL+/L m(t) dt.

The bound on E[B + €] also applies to E[B] since E[e] = 0 implies E[B] = E[B+¢]. O

13



B.5 Proof of Corollary 2

Proof of part 1. Suppose supp(B + ¢) C [L,U]. By Theorem 4, the bound based directly on

the support restriction for B + € has endpoints

U
By=L+ [ m( (8)
L
U
By =1L —l—/ m(t) dt. 9)
L
Since |e| < ¢, this support restriction implies
supp(B) C [L —¢,U + ¢].

Applying Corollary 1 with a =0, £ = L — ¢, and u = U + ¢, the induced bound based on
the support of B has endpoints

U+2c
B,=L—c +/ m(t) dt, (10)
L
U
B,=L—c —|—/ m(t) dt. (11)
L—2c

Because supp(B+¢) C [L, U], we have Sg, (t) =0 for t > U and Sp, . (t) =1fort < L.
Since m(t) < S .(t) < m(t) for every ¢, we must have m(t) = 0 for t > U and m(t) =1
for t < L. Therefore

/L T ) e = / ") dt (12)
and
/LUQCm(t) dt = /Lchl dt + [Jm(t) dt
U
- 2c+/L m(t) dt. (13)

Substituting Equation (12) into Equation (10) and then applying Equation (8) gives

U
BgZL_C_F/ m(t)dt:BL—C
L

14



Likewise, substituting Equation (13) into Equation (11) and then applying Equation (9) gives

U
Bu:L—c+20+/ m(t) dt = By + c.
L
This implies
B, < B, < By < By,
so the bound [By, By is weakly tighter than the induced bound [B,, B,]. O

Proof of part 2. Suppose supp(B) C [¢,u]. By Corollary 1 with a = 0, the bound based

directly on the support restriction for B has endpoints

u+c
l

+c

Bu:€+/ m(t) d.
l—c

Since |e| < ¢, this support restriction implies
supp(B+¢) C [l —c,u+ c].

Applying Theorem 4 with L = ¢ — ¢ and U = u + ¢, the induced bound based on the support
of B + ¢ has endpoints

u+c
BL:E—6+/ m(t) dt
l—c

u-+c
l—c

Subtracting the lower endpoints gives

B, — B, = {€—c+/u+cm(t) dt} — {E—l—lwcm(t) dt}

l—c +c

l+c
= —c+ l_c m(t) dt. (14)

15



Similarly, subtracting the upper endpoints gives

By—B, = [e et / ) dt} - [z + /uc (L) dt}

l—c l—c

u+c
= —c+/ m(t) dt. (15)
Since 0 < m(t) <1 and 0 <m(t) <1 for every ¢, the integrals from Equations (14) and (15)
fall in the interval [0, 2¢|, and thus

Bj, — By € [—¢, (]
By — B, € [—c¢,¢].

As the three-price example in the main text illustrates, these endpoint differences can be

positive or negative. Thus neither bound is uniformly contained in the other. ]

B.6 Theorem B.1 and its proof

Theorem B.1. If m,(-) is known on a finite set of observed prices for some attribute-
difference vector a, then the bounds from Theorems 2 to 4 apply directly to E[la" W] and
Q. w(T) after replacing B by a"W and m by m,,.

Furthermore, for any such collection of attribute-difference vectors a, ...,a; associated
with bounds L; < B [aJTW} < Uj, the mean WTP vector p := E[W] satisfies

J
e ﬂ{,uERd:ngajT,ung}.
j=1

Proof. Conditional on Az;, = a, the choice rule becomes y;; = Liorw,_ap,, +e,,50- The
pooled choice probability at price p is then given by m,(p) = E[F(a'W — p)] = Pr(a' W +
€ > p). Since this is exactly the same form as the single-attribute model with B replaced by
a'W and m replaced by m,, the quantile and mean bounds apply directly.

For the final claim, since E [ajTW} = a; B[W] = aj pu for any j, intersecting the bounds
Lj < ajTu < Uj over 7 =1,...,J gives the desired result. O

16



C Proofs for Section 5

C.1 Proof of Lemma 1

Proof. Let the design p place weight w,,w, > 0 on a and b, with w, + w, = 1. Define

(6,0) = F(2=5)

g

for ¢ € {a,b}. In this case, Equation (4) becomes

Qu(/Ba 0) = wa[pa logQQ(ﬁa 0) + (1 _pa) 10g<1 _ Qa<67 U))]
+ wy[py log ¢ (8, ) + (1 — py) log(1 — ¢,(8,0))].

Note that the function ¢,(q) := plogq + (1 — p)log(1 — q) with p,q € (0,1) is strictly
concave and uniquely maximized at ¢ = p. This implies that @, (3, o) is uniquely maximized

when

.(B,0) = p, (16)
a(83,0) = py- (17)

Next we show that there exists a unique (3, o) with o > 0 satisfying these two equations.
Since F is the logistic CDF, Equations (16) and (17) are equivalent to

f—a _
= t(p,) (18)
B—-b _
. U(py)- (19)
Subtracting these yields
b—a

7 = £(p,) — L(py)’

which is positive because p, > p, (since a < b) and £(-) is strictly increasing. Finally,

17



substituting o*(u) into Equation (18) and Equation (19) yields

B (1) = b+ a*()l(py)
b—a

=b+ mﬁpb),

which establishes the claimed formulas for o*(u) and 8*(u). O

C.2 Proof of Theorem 5

Proof of part 1. Suppose p, > % Then £(p,) > 0, so Equation (7) from Lemma 1 implies
B*(p) > b as well as §*(u) > By if and only if

b+ Upy) > By

U(pa) — £(py)

Since a < b implies ¢(p,) — £(p,) > 0, this is equivalent to

(b—a)l(py) > (B — 0)(U(pa) — £(ps));
(B — a)l(py) > (B — b)l(p,)-
Dividing both sides by (8 — b)¢(p,) gives

g(pa) < ﬁH —a

£(py) B —0b

]

Proof of part 2. Suppose p, < % Then ¢(p,) < 0, so Equation (8) from Lemma 1 implies
B*(p) < a as well as *(u) < B, if and only if

b—a
¥ ) iy Pe) <P

Since p, > p;, implies ¢(p,) — £(pp,) > 0, this is equivalent to

(b—a)l(p,) < (Br —a)(l(pa) — £(ps)),

18



(b= Br)l(p,) < (a—Br)(py)-

Dividing both sides by (b — (1, )¢(p,) reverses the inequality because b > ; and p, < p, <
imply (b — 1,)¢(py) < 0. Therefore

1
2

E(pa) > a— BL

lpy,) = b—Br

C.3 Proof of Corollary 3

Proof. Define a = 3, +to and b= B —to. lf 0 <

in [5L7 ﬁH]
At these design points,

BHQ_{BLy then a < b, and both points lie

m(a) = 7F(—t) + (1 — W)F(M - t>

g
 Bu—by

o

m(b) = ©F <t ) +(1—m)F().

As @ — 00, we have

m(a) - 1 —m+ nF(—t),
m(b) = (1 —m)F(t).

By assumption, (1 — m)F(t) > 3, so both limits lie in (4,1). The limiting value of m(a)

exceeds the limiting value of m(b) since
[l—7m+7F(—t)]—[(1—m)F(t)|=1—F(t) = F(—t) > 0.
Thus there exists K; > 2t such that for all % > K,

% <m(b) <m(a) < 1.

{(m(a))
£(m(b))

Since m(a) and m(b) converge to strictly positive limits in (3, 1),

also converges to a

finite positive constant.
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Moreover,
Bu—a _Bu—PFr)—toc  Pu—PBL

= 1.
By —b to to

This expression diverges to infinity as @

that for all @ > Ko,
(@) _ By —a
t(m(b)) ~ B —b

By Theorem 5, this implies 5*(u) > S, so setting K = K, completes the proof.

C.4 Proof of Theorem 6

Proof. Fix m € (0,1), By € R, and M > 0. Let

m(Ap) = WF(%_—AP> +(1— W)F(—BO — Ap)

ar, og

for oy > o, > 0. Define

1 1
Ki= — — —,

o, OH
L :=log(l —m).

Since o > o, we have kK > 0.

We first analyze the left-tail design. Let puz be supported on

a]_%::/BO_R_l,
bﬁ::/BO_R'

Using 1 — F(x) = we can write

e
l+e 7

1—m(ay)=(1—me °Haxpg,

L=m(bp) = (1 =7)e “Tyg,

where
1 T e (R+1)k
A= U g " 1 4
. 1 T e B~
yR'_l—i—e T Tl4e 7t
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Therefore zp — 1 and yp — 1. It also follows from Equations (20) and (21) that m(ag) — 1
and m(bp) — 1.
Define

ap =logm(ay) —logx g,
B 1= log m{bg) — log ys.

Since m(ag), m(bg), xg, and yp all converge to 1, we have ap — 0 and Sz — 0. Moreover,

these terms converge to 0 exponentially fast, so

Using ¢(u) = logu — log(1 — u) together with Equations (20) and (21), we obtain

Em(ag) = == — L+ a, (23)

((m(by)) = % L+ (24)

By Lemma 1, and because by —ap =1,

m(bg))

B*(pg) =br + — —. 25
) =08 Ttz — Com(oz) )

Substituting Equations (23) and (24) and by; = y — R into Equation (25) gives

7= — L+ fBr
*(Wg) =By — R+ == : 26
R (20
Subtracting 5, — oL from Equation (26) and simplifying gives
. Pr—(R—oglL)(ap — BRr)

B*(ug) — (Bp —ogl) = S - = = (27)

1
77 tar—Br

The denominator in Equation (27) converges to é > (. The numerator converges to 0 by
Equation (22). Therefore

B*(ug) — By — o log(l — ). (28)
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We now analyze the right-tail

T

design. Let 1} be supported on

aE::ﬁO—{—R’
bl = fy+ R+ 1.

Using F'(—x) = <%=, we can write

e
1+e

where
U’R =

VR =

1 N T e Bk
R
14e7n 17T 70
1 T e—(R-i—l)fs
R+1 R+1 °
l4e7a 17T e or

Therefore up — 1 and vy — 1. It also follows from Equations (29) and (30) that m(aj,) — 0

and m(b},) — 0.
Define

TR
Or

:=logup —log(1 —m(a})),

:=logug — log(1 —m(bg)).

Then v — 0 and dp — 0. Moreover,

Rlvg| + R|ég| — 0.

Using f(u) = logu — log(1 — u) together with Equations (29) and (30), we obtain

{(m(ay)) = L — —H + YR,
R+1
Umbh) =L — 2L s,
o

(31)

(32)

(33)

(34)



Substituting Equations (32) and (33) and b}, = 8, + R + 1 into Equation (34) gives

R+1
*(,,+ " + 5R
B(pp) =B+ R+14+ 4+————. (35)
52+ 7R —OR
Subtracting 3, + oy L from Equation (35) and simplifying gives
§ bp—(R+1+o0xgL)(yg—96
8 (i) — (o + o) = 22 w0 —On) (36)

7+ YR — 0p

The denominator in Equation (36) converges to # > 0. The numerator converges to 0 by
Equation (31). Therefore

B (ug) — By + oglog(l — ). (37)

Since log(1 — 7) < 0, choose o > o, > 0 large enough so that
—oglog(l—m) > M + 1.
Then

By —opglog(l—m) > By + M +1
Bo+oylog(l—7) < By — M —1.

By Equations (28) and (37), we can choose R large enough so that
|B*(ug) — (Bo — o log(1 —m))[ < 1

and
|8 (1f) — (Bo + o log(1 —m))| < 1.

This implies 8*(ugp) > By + M and B*(uk) < By — M, and hence |8*(ugp) — B*(uk)| >
2M. [
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